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ABSTRACT: A model based on the concept of fractional
calculus is proposed for the description of the dynamic
elastic modulus, E* = E" + iE”, of polymer materials. This
model takes into account three relaxation phenomena (o, 3,
and ) under isochronal conditions. The differential equa-
tions obtained for this model have derivatives of fractional
order between 0 and 1. Applying the Fourier transform to
the fractional differential equations and associating each
relaxation mode to cooperative or noncooperative move-
ments, E*(iw,T) was evaluated. The isochronal diagrams of
E’ and E" clearly show three relaxation phenomena, each of
them is manifested by a decrease of E' when temperature
increases. This decrease is associated with a maximum in

E"(T) diagram for each relaxation mode. The shape of the
three peaks (three maxima in E"(T) diagrams) depends of the
fractional orders of this new fractional model. The mathe-
matical description obtained of E* corresponds to a nonex-
ponential relaxation behavior often encountered in the dy-
namics of polymer systems having three relaxation phenom-
ena. This model will enable us to analyze the viscoelastic
behavior of polymers. © 2004 Wiley Periodicals, Inc. ] Appl
Polym Sci 94: 657-670, 2004
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INTRODUCTION

Due to the long chain character of polymer molecules,
polymeric materials can be completely amorphous or
semicrystalline. In these complex structures, several
relaxation phenomena can be found. These are usually
designated by the letters «, 3, v, and so on. The origin
of these relaxations is most often ascribed to rear-
rangements of segments or small portions of the poly-
mer chains. Due to its sensitivity to molecular motion
dynamics, the dynamic elastic modulus analysis, E*
= E' + iE", is a convenient way to test the dynamic of
the relaxation processes of polymer materials. The real
part, E’, called the storage modulus, defines the en-
ergy stored in the specimen when a force field is
applied and the imaginary part, E” called the loss
modulus, defines the dissipation of energy. Identify-
ing the modes of relaxation processes (a, B, and v)
with specific molecular motions will enhance our un-
derstanding of the structure—property relationships
for polymers. The modeling of the dynamic elastic
modulus by using differential equations with deriva-
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tives of fractional order (fractional calculus) provides
a better description than the classical models formu-
lated with integer-order derivatives.'” It has been
shown that constitutive equations employing deriva-
tives of fractional order could be linked to molecular
theories describing the macroscopic behavior of vis-
coelastic materials.”®

Recent contributions in the modeling of the elastic
modulus presents a fractional model analogous to the
classical Zener model, but, in this one, the dashpot
was replaced by a fractional rheological element called
the spring-pot.**>°~! This fractional element combines
the solid behavior (Hooke’s law) with fluid behavior
(Newton’s law).

Applying the Fourier transform to the fractional
model, a mathematical representation of the frequency
dependence of E*(w), under isothermal conditions,
could be obtained.” "' However, in practice, it is very
useful to describe the analysis of the temperature de-
pendence of E*(T) (isochronal conditions).

The aim of this work is to present a fractional model
for the description of E* in polymeric materials, taking
into account three relaxation phenomena under isoch-
ronal conditions. This model could be used to study
the molecular mobility phenomena in polymer mate-
rials, associating a molecular interpretation to param-
eters of our model.
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The first relaxation at higher temperature, the a-re-
laxation, is associated with cooperative movements of
chain segments by a configuration rearrangement of
the entire chain, involving long chain segmental mo-
tion and reflecting the glass transition (T,) in amor-
phous polymers. In the case of semicrystalline poly-
mers, a-relaxation can be associated with cooperative
movements at the interface between amorphous and
crystalline regions.'” The B-relaxation is the second
relaxation phenomenon in the order of decreasing
temperature. In the case of semicrystalline polymers,
B-relaxation can, sometimes, be associated with glass
transition,'” while for amorphous polymers it is asso-
ciated with less cooperative processes than a-move-
ments, and they are localized motions of elements in
macromolecular chains carried out at short distance,
in regions where mobility is possible such that the
polymer is far from T,. The y-relaxation is observed at
a lower temperature than those of B-relaxation. It is
related to movements that are very localized and of a
noncooperative nature.

THE FRACTIONAL ZENER MODEL

A fractional Zener model (FZM) has been used as a
first approximation for the description of the a-relax-
ation under isothermal conditions for amorphous
polymers in a glassy state, having secondary relax-
ations far away from a-relaxation.*”'! Figure 1 shows
the proposed FZM obtained by replacing the dashpot
by a spring-pot, element “a,” in the classical Zener
model.

Where o is applied stress, € is the strain, E, is the
relaxed modulus corresponding to values of E’ at low
frequencies or high temperatures, Ey, is the nonrelaxed
modulus corresponding to values of E’ at high fre-
quencies or low temperatures, and D’g, is the frac-
tional derivative of the strain with respect to time with
an order a (0 = a = 1), the relaxation time, 7, charac-
terizes the time required by a chain segment in move-
ment for a complete reorganization and a full reorien-
tation to a new structural equilibrium state. Hence 7
also characterizes the nonlinearity of the relaxation
process and it is dependent of relaxation mode (e, S,
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Figure 1 The fractional Zener model with a spring-pot.
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or vy). The stress—strain relationship for this model

is:4,9—1l

o(t) + Dio(t) = Eye(t) + EymDie(t) (1)

According to Riemman-Liouville, the fractional de-
rivative in eq. (1) is defined' by eq. (2) and the
fractional integral defined between 0 and t can be
defined by eq. (3)

D t)—DtM()d €01 (2
rS( = F(l_a)sy y a ’ ()

0
- t (t _ y)llfl
D e(t) = W s(y)dy a€ (0,2 (3)
0
where I' is the gamma function
L(m) = j e "u" 'du, with m >0 (4)
0

Equation (1) provides us, after Fourier transformation,
the dynamic modulus E* as a function of frequency, w.
To obtain the temperature dependence, we need first
to define the relationship between the relaxation time,
7, and temperature, T, which in turn depends on the
cooperative and noncooperative nature of the molec-
ular movements.

Due to the complex structure of the polymers, the
molecular movements, associated to relaxation phe-
nomena (a, B, and ) can be cooperative or noncoop-
erative processes. Cooperative movements are simul-
taneous motions at a time of segments of macromo-
lecular chains due to the interference between
neighboring segments-chains. If many segments of
chain are involved in the cooperative process, the
probability for that process is small, and the relaxation
time is long; in addition, as the temperature is low-
ered, the polymer densifies, shortening the average
intermacromolecular chain distance and, conse-
quently, T also increases and has and infinite value to
the Kauzmann zero entropy temperature, T,."> The
a-relaxation is a typical example of cooperative move-
ments, [-movements are less cooperative than
a-movements, and the molecular motions associated
with y-relaxation are very localized, having a negligi-
ble cooperativity, and consequently can be considered
as noncooperative movements. The relaxation time, 7,
for noncooperative movements follows an Arrhenius
law behavior:

T = Teexp <f;,> (5)
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Where E, is the activation energy corresponding to
noncooperative processes. It could have values that
are identifiable with real energy barriers,'"*" k is the
Boltzmann constant, T is the absolute temperature,
and 7, is a preexponential factor with values within
the range of 107'® s = 7, = 10" s5; values in the
vicinity of the upper limit correspond to molecular
vibrational times and those near the lower limit may
be rationalized as additional entropy contributions.™

In the case of the cooperative relaxation phenom-
ena, the probability that such an event happens is P*
where Px1/7 is the probability of an elementary
movement of simultaneous motions at a time of seg-
ments of macromolecular chains; Z, depending of the
polymer structure, can be considered to be the number
of elementary movements participating on the coop-
erative processes. Therefore, relaxation times verify
the next power law:'>¢

T

To

VA
) To=T=T* (6)

Tcooperative = TO(

Where 7 is the relaxation time of the elementary or
fastest molecular motion of cooperative movements,
and it is defined by eq. (5). The Z exponent is calcu-
lated with the next equation:'*'°
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T*is a crossover temperature above which cooperative
and noncooperative movements merge together'>'®
and Z = 1. Below T* the relaxation times of coopera-
tive movements verify the empirical Vogel—Fulcher—
Tammann equation, this temperature, T*, being in the
order of 1.3T, for completely amorphous polymers.
For semicrystalline polymers, T* was found to be
equal to the melting temperature.'® T, is a temperature
below T, where both Z and 7 extrapolate to
infinity.

Figure 2 shows that relaxation times of cooperative
and noncooperative movements (Arrhenius law)
merge together at a crossover point (7%, T*) when the
activation energy, E,, of the single movements of the
cooperative process is equal to the activation energy of
noncooperative motions. This behavior has been re-
ported for several polymers,'”> depending the cross-
over point of the nature of the polymer.

On the other hand the apparent activation energy
for cooperative motions is temperature dependent ac-
cording to following equation:

ooperative

E = ZE (8)

a cooperative a elementary —movement

This equation can be justified because, when the tem-
perature decreases, there is a sharp reduction of mo-
bility and, consequently, the corresponding apparent
activation energy tends toward significant values.'”'®
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Figure 2 Relaxation times for several cooperative movements, eq. (6), in comparison with the relaxation times of nonco-
operative movements, eq. (5). T, = 77 K corresponding to liquid nitrogen temperature.
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The dynamic-elastic modulus under isochronal
conditions

In dynamical mechanical experiments, the specimen is
subject to an alternating strain, measuring the result-
ing stress. For linear viscoelastic behavior, when equi-
librium is reached, the stress and strain will both vary
sinusoidally, but the strain lags behind the stress, thus

we write the complex modulus as:
. lioT) EoT) + iEw.T
= o) (0,T) +iE"(,T) (9)

where o is the angular frequency of alternating
applied strain. The storage modulus, E’, is in phase

(Ey — Eo)[l + [m(T)]ﬂcos<a;>]
E'(T) = E, —

REYES-MELO ET AL.

with the applied strain, and the loss modulus, E”, is
/2 out of phase with the strain. The phase lag, o,
between the strain and stress is defined as
d=tan '(E"/E’). .

The dynamic-elastic modulus under isochronal con-
ditions for FZM (Fig. 1) was calculated applying the
Fourier transform to eq. (1) and considering the tem-
perature dependence of 7. The Fourier transform of
the fractional differential operator, Dj[e,(t)] can be
written like a product of (iw)” and the Fourier trans-
form of the function ,(t).! The storage, E’, and loss, E”,
modulus obtained are

(Ey — EO)[[wT(T)]”sin<a;>]

o [1 - [wT(T)]"CO":’<‘172T>}2 + [[“’T(T)]asm<a;>]z

Figures 3 and 4 show the storage and loss modulus
considering cooperative movements for different val-
ues of the a parameter. Both E’ and E” are similar to
the classical behavior of glass transition of viscoelastic
amorphous materials having a secondary relaxation
process far away from a-relaxation.

At lower and higher temperatures, the temperature
dependence of E' and E” is negligible, because the
phase lag is very small. The intermediate region
shows the typical mechanical relaxation processes
manifested by a decrease of E’ with increasing tem-
perature (Fig. 3) associated with a maximum of E” (see
Fig. 4). E" rises to a maximum value, close to the
temperature at which E’ is changing most rapidly with
temperature in Figure 3. The maximum value of E”
increases when the 2 parameter increases. The temper-
ature dependence of E’ and E” in the viscoelastic re-
gion is very large and also dependent of the a param-
eter. From Figure 3 we can also distinguish the three
typical regions associated with glass transition: glassy
behavior when E’ is very close to the nonrelaxed mod-
ulus, Ey; viscoelastic behavior when E’ = f(T,a) and
rubber-like behavior when E’ is very close to relaxed
modulus, E,.

It is important to remark here that with this model
it is not possible to describe the flow behavior in
amorphous polymers or the cold-crystallization phe-
nomenon in semicrystalline polymers;'”'® these phe-
nomena can appear after rubber-like behavior.

[1 . [M(T)]aws(a;)]z ¥ [[m@)]asin(a;)]z

E.\\
Cooperative movements — 7(T) = TO(GXP(KT>)

E,
Noncooperative movements — 7(T) = Toexp<kT)

(10)

The values of E’ and E” can be combined in a single
curve called the Cole-Cole diagram (E” versus E': Fig.
5). These diagrams are symmetrical for different val-
ues of a. The angle of the slope in the region of high
and low values of E' is constant and equal to aw/2.

Considering now noncooperative movements un-
der FZM where 7 is defined by eq. (5), the isochronal
diagrams of E’ and E” are similar but not equal to Figs.
3 and 4, respectively, because the temperature depen-
dence of 7is different, but the Cole-Cole diagrams will
also be symmetrical for different values of the a pa-
rameter. However, it is well know that, for polymers
in a glassy state, having a secondary B-relaxation that
moves away from a-relaxation, the Cole-Cole dia-
grams are asymmetric.*>”~'! The slope angles of the
curves at low and high values of E’ are different. This
behavior is due to the different viscoelatic response at
low or high temperatures (high or low frequency). In
a Cole-Cole diagram low temperatures correspond to
high values of E’ and high temperatures correspond to
low values of E'.

To obtain the classical asymmetric response in Cole-
Cole diagrams, it is necessary to add*>°! a second
spring-pot b to FZM (Fig. 6), where D'e,, is the frac-
tional derivative of the b order of the g,

This model is characterized by three mechanisms.
The first spring-pot, a, characterizes short times (7,)
associated with viscoelastic behavior in the region at
low temperature. The second spring-pot, b, character-
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izes long times (7,) associated with viscoelastic behav-
ior in the region at high temperature, and the last
mechanism (spring) represents the elastic behavior of
polymers.*>°~!!

The stress—strain relationship obtained for this
model (Fig. 6) is

(Ey — Epe(t) = [o(t) — Ege(t)] + 7,°D; “[a(t) — Eee(t)]
+ 7,"D; [o(t) — Ege(H]  (11)

(Ey — EO)[l + [wa(T)]bcos(bg> + [arra(T)]”cos<a

The storage and loss moduli under isochronal condi-
tions were calculated applying the Fourier transform
to eq. (11), and considering cooperative movements
for 7, and 7, parameters:

)

S

E'=E,+

EII —

[1 + [“’Tb(T)]bC()S(b;T) + [wTu(T)]”COS(ﬂ;)]Z + [[wa(T)]bsin<b;) + [arrg(T)]”sin(aqgﬂ2

T T
(Ey — Eo)[[wa(T)]bsin<b2) + [wTa(T)]”Sin<a2)]

The Cole-Cole diagrams shown in Figures 7 and 8
are the classical asymmetric response of the system,
eq. (12). These figures confirm the fact that two
spring-pot elements could reproduce the viscoelas-
tic behavior of the system at low and high temper-
atures. The slope angle at low values of E’ will be
(bw/2) and on the region of high values of E’ the
angle will be (a7/2).

It could be seen that the FZM, even with two spring-
pots, can only represent the viscoelastic behavior of
polymers in the neighborhoods of one relaxation phe-
nomenon. It should be noticed that this model cannot
be used in the case of polymers having two important
and close relaxations (a and B), because their effects
are very related, modifying substantially the shape of
the Cole-Cole diagram.*>*~"!

The polymeric materials will, in general, possess
several relaxation phenomena that can be attributed to
molecular rearrangements and configurational
changes. The most prominent of these for an amor-
phous polymer is the a-relaxation associated with
glass transition, but this distinction cannot always be
made for semicrystalline polymers.

We thus will present another fractional model
with the aim of predicting the viscoelastic behavior
of polymer materials on a very wide temperature
range including three relaxation phenomena, «, B,
and 7.

Modeling of three relaxation phenomena:
a, B, and y

For modeling the viscoelastic behavior of polymers
showing three important relaxation phenomena, we

[1 4 [mb(T)]bcos(b;—T) + [ma(T)]ﬂcos<aZ)] + [[wn,(T)]bsin(b;T) 4 [wTa(T)]ﬂsin(a;T)]

(12)

developed a fractional model based on three FZM
elements arranged in parallel (Fig. 9). The first one
possesses two spring-pots: a and b, associated mainly
with a-relaxation. The second FZM has only one
spring-pot, ¢, and it is associated with B-relaxation.
The last one also has only one spring-pot, d, associated
with y-relaxation.

The total stress is the result of the contributions of
ol, 02, and o3:

oc=0cl+ 02+ 03 (13)

In addition the total deformation, &, is equal to the indi-
vidual deformations of elements 1, 2, and 3 of the model:

e=¢el=¢e2=¢3 (14)

Applying the Fourier transform to eq. (13) and using
eq. (14) and the complex modulus definition we obtain

E*(iw,T) = E1*(iw,T) + E2*(iw,T) + E3*(iw,T) (15)

The real (storage modulus) and imaginary (loss mod-
ulus) parts of the complex modulus could be ex-
pressed as a function of the corresponding modulus of
each element of our model (Figure 9):

E'(w,T) = E1'(w,T) + E2'(w,T) + E3'(w,T)

E"(0w,T) = E1"(w,T) + E2"(w,T) + E3"(w,T) (16)
E1" and E1" on eq. (16) are the same as already defined
by eq. (12), and, at this time, the temperature depen-

dence of 7, and 7, are also defined by eq. (6), which
means that element 1 is associated with cooperative
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Figure 3 Storage modulus versus temperature for FZM with E, = 0.4 eV, 7, = 1 X 10" s, E; = 1.8 X 10° Pa, E, = 2 X 107

Pa, and a frequency of 1 Hz.

molecular motions, corresponding to the a-relaxation
of polymers.

The second FZM element, related to B-relaxation, is
equivalent to those defined by eq. (1) and the loss and
storage modulus for this element, substituting first the
corresponding parameters, will follow eq. (10). The
chain motions on B-relaxation will also be considered
as cooperatives, but at least to the extent that those
occurred at a-relaxation. Then the relaxation time will
also be defined by eq. (6).

The third FZM element is equivalent to the second
one, with E3" and E3'’ also following eq. (10). In this
case it is considered that the chain movements are
very localized and of noncooperative nature. The re-
laxation time, 7, will be estimated using eq. (5).

TESTING THE RESPONSE OF THE

FRACTIONAL MODEL

To verify the behavior of the model defined by egs.
(13) and (15), we proceeded to vary systematically the
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Figure 4 Loss modulus versus temperature for the fractional Zener model, with the same parameters as in Figure 3.
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Figure 5 Cole-Cole diagram corresponding to Figures 3 and 4.

fractional order of spring-pots that constitutes the
global model. It is important to point out that these
parameters can only take values between 0 and 1.

Figures 10 and 11 show the predictions of the loss
and storage modulus for different values of a4, and
remaining b, ¢, and d constants.

Figure 10, corresponding to E"(T), shows how our
model predicts the existence of three peaks corre-
sponding, respectively, to the «, 3, and vy relaxations.
The peak at lower temperatures represents the vy-re-
laxation, the second peak is associated with the
B-relaxation, and the last one at higher temperatures
is associated with a-relaxation. We notice that the
maximum of the a-relaxation increases as a increas-
es; on the other hand a could be associated to the
zone placed between « and 3 relaxations. This zone
presents a minimum value of E” that increases when
a decreases.

Figure 11 shows the temperature dependence of E’
for the same values of a, b, ¢, and d parameters of
Figure 10. We can notice that, at very low tempera-
tures, E’ is equal to the global nonrelaxed modulus,
Ey, calculated as follows:

Ey=Ely+ E2y + E3y (17)
On the other hand, at higher temperatures E’ is equal
to the global relaxed modulus, E,, calculated as fol-
lows:

E,= E1, + E2, + E3, (18)

In the intermediate region between E' = Ey; and E’
= E, (Fig. 11), E' is dependent of T and 4, b, ¢, and
d parameters, and we can identify three regions
corresponding to the three peaks of Figure 10. At
high temperatures, in the region of a-relaxation,

o=

O;+
£=5=

YRS

O, 5=5+ £+ &, 0,8
_ b b
b |or(E; BYT, D5,
7= Ey 5
a | 5= (E; YLDk,

Figure 6 The fractional Zener model with two spring-pots.
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Figure 7 The Cole-Cole diagram obtained from eq. (12) for a constant and different values of b, E, = 0.4 eV, 1, = 1 X 10~ !4,
8 g q a 0

7,(T) = 7,(T), E, = 1.8 X 10

there is a strong decrease of E’ when temperature
increases. The slope of the E' versus T curve is less
pronounced for B and vy relaxation than for a-relax-
ation. The shape of the curve where a-relaxation
starts is strongly dependent of the a parameter,
while at the end of the curve (higher temperature)
the parameter b determines the change rate of E’
(see Fig. 12) and E” (see also Fig. 13).

E" (Pa)

Pa, E, = 2 X 107 Pa, and a frequency of 1 Hz.

In Figure 13 it can be seen that the maximum value
of £” increases when the b parameter also increases.

From Figures 10 to 13 it can be concluded that the a
and b parameters are associated mainly with a-relax-
ation mechanisms.

The effect of the ¢ parameter on storage and loss
modulus is presented in Figures 14 and 15, remaining
the rest of parameters constants (a = 0.3;b = 0.8;d =

—o— g=0,2
—o— q=0,4
—&— q=0,6

—v— a=0,8

b=08

T*=480K=206,8°C
To =300K=26,85°C
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I
9,0x10°
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T T T
1,2x10°  1,5x10°  1,8x10°

Figure 8 The Cole-Cole diagram obtained from eq. (12), for b constant and different values of 4, with the same values of: E,,
T, T T%, Ty, Ey, Eo, and frequency, corresponding to Figure 7.
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Figure 9 Fractional model for «, B, and vy relaxations. 1, FZM accounts for « relaxation; 2, FZM accounts for B relaxation;
and 3, FZM accounts for vy relaxation.

0.3). Figure 14 shows that, at higher values of ¢, the =~ mum of E” corresponding to B-relaxation increases as

slope of the E’ curve is more pronounced, being prac- ¢ increases. This parameter thus affects on the one
tically vertical at values of c closest to one. Figure 15  hand the maximum of B-relaxation and on the other
shows the temperature dependence of E”; the maxi- hand both minima, one located between « and 3 re-
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Figure 10 Loss modulus under isochronal conditions to a frequency of 1 Hz, for different values of a. Parameters for
a-relaxation: Ey; = 4 X 10° Pa, E; = 1 X 10" Pa, E, = 0,75 eV, 1, = 1 X 10 "*s, 7(T) = 7(T), T* = 500 K, T,, = 300 K; parameters
of B-relaxation: E; = 1.2 X 10° Pa, E, = 4 X 10" Pa, E, = 0.7 eV, 7, = 1 X 10" *s, T* = 500 K, T, = 150 K; parameters for
v-relaxation: E;; = 1 X 10° Pa, E, = 6 X 10" Pa, E, = 0.6 eV, 7, = 1 X 10" *s.
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Figure 11 Storage modulus under isochronal conditions for different values of a, and the same values of parameters
corresponding to Figure 10.
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Figure 12 The temperature dependence of storage modulus for different values of b, and the same values of parameters
corresponding to Figure 10.
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Figure 13 Loss modulus under isochronal conditions for different values of b, and the same values of parameters
corresponding to Figure 10.
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Figure 14 Storage modulus under isochronal conditions for different values of ¢, and the same values of parameters
corresponding to Figure 10.
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Figure 15 Loss modulus under isochronal conditions for different values of ¢, and the same values of parameters
corresponding to Figure 10.
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Figure 16 Storage modulus under isochronal conditions for different values of d, and the same values of parameters
corresponding to Figure 10.



MODEL OF THE DYNAMIC-ELASTIC MODULUS FOR POLYMER MATERIALS 669

1 0x10° L I L B L B B B B
0x10° ] i
4x10° = -1 d04
7 3x105—_ —- (x o— d=0,6
8 0x10° 4 2x10° -} — ——d=0,8
’ ] ) ——d=1,0
<10° -] 4 A
S L L L L L L B a=0,3
6.0x10° - .80 70 60 -50 -40 -30 -20 -10 O b=0.8
— c=04
g
W4 0x10° -
2,0x10°
0,0 E e ]
-150 -100 200 250

Figure 17 Loss modulus under isochronal conditions for different values of d, and the same values of parameters

corresponding to Figure 10.

laxations, and the other located between B and vy re-
laxations. Both minima increase as c decreases.

Finally, Figures 16 and 17 show the effect of the 4
parameter on storage and loss moduli; in this case 4,
b, and ¢ parameters are constants. Figure 16 shows
how the shape of E'(T) curves in the region corre-
sponding to y-relaxation is dependent of d. In this
case the curves corresponding to « and 3 relaxations
are superposed because a, b, and ¢ parameters are
constants.

Figure 17 shows how, when d parameter increases,
the maximum associated with ¢y-relaxation also in-
creases, and on the other hand d also affects to mini-
mum located between 8 and vy peaks, the value of this
minimum increases as d decreases.

From Figures 11, 12, 14, and 16 we can see that the
shape of the E'(T) curves shows five regions: glass
behavior where E' ~ E; vy-relaxation where E’ is
mainly a function of T and d; B-relaxations where E’ is
mainly a function of T and c; a-relaxation where E’ is
mainly a function of T, b, and 4; and, finally, rubber-
like behavior where E’ =~ E,,. Each relaxation phenom-
enon corresponds to a stretched exponential behavior
of E'(T), deviating from the classical exponential De-
bye behavior. In many cases experimentally observed
relaxation functions exhibit a stretched exponential
decay."”

We can note from Figures 10 to 17, the coupled
effect of parameters a and c in the region between «
and f3 relaxations and the coupled effect of parameters
c and d in the region between 8 and vy relaxations.

The flow behavior and/or cold crystallization phe-
nomenon'* that could appear after rubber-like behav-
ior with increasing temperature are not described for
this fractional model.

CONCLUSION

This model takes into account the fractal intrinsic to
polymers through the fractional calculus operators
that appear in the governing equations; this enabled
us to develop a model that returns accounts of a
viscoelastic behavior in polymeric materials having
three important relaxation phenomena: «, 8, and .
Choosing in an arbitrary way the values of frac-
tional order of our model, we have calculated for a
sinusoidal request the storage and loss modulus of the
dynamical elastic modulus, E*. These diagrams en-
abled us to analyze the effect of the parameters of the
model on «, B, and +y relaxations. We noted that a2 and
b parameters are associated mainly with a-relaxation,
¢ with B-relaxation, and d with y-relaxation. The tran-
sition zone between « and B relaxation, and B and vy
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relaxations, are associated to parameters 2 and ¢, and
c and d, respectively. These transition zones are very
important because they are very sensitive to the phe-
nomena of physical aging.®

In the continuation of our work, we will analyze the
experimental isochronal viscoelastic behavior of poly-
mers having three important relaxation phenomena.
This will enable us to associate a molecular interpre-
tation to parameters of our model.
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